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Assuming a minimal seesaw model with two heavy neutrinos (N), we examine effects of leptonic
CP violation induced by approximate µ-τ symmetric interactions. As long as N is subject to the
µ-τ symmetry, we can choose CP phases of Dirac mass terms without loss of generality in such a
way that these phases arise from µ-τ symmetry breaking interactions. In the case that no phase
is present in heavy neutrino mass terms, leptonic CP phases are controlled by two phases α and
β. The similar consideration is extended to N blind to the µ-τ symmetry. It is argued that N
subject (blind) to the µ-τ symmetry necessarily describes the normal (inverted) mass hierarchy. We
restrict ourselves to µ-τ symmetric textures giving the tri-bimaximal mixing and calculate flavor
neutrino masses to estimate CP-violating Dirac and Majorana phases as well as neutrino mixing
angles as functions of α and β. Since α and β are generated by µ-τ symmetry breaking interactions,
CP-violating Majorana phase tends to be suppressed and is found to be at most O(0.1) radian. On
the other hand, CP-violating Dirac phase tends to show a proportionality to α or to β.
PACS numbers: 12.60.-i, 13.15.+g, 14.60.Pq, 14.60.St
I. INTRODUCTION
Recent extensive analysis on neutrino oscillations [1] has indicated almost maximal atmospheric neutrino mixing and
large solar neutrino mixing as well as suppressed reactor neutrino mixing angle. These observed properties can well
be understood by assuming a µ-τ symmetry in neutrino interactions [2]. Another interesting property of neutrinos,
which has not yet been observed, is related to leptonic CP violation. The leptonic CP violation of the Dirac type is
known to be absent in the µ-τ symmetric limit [3]. Therefore, to discuss physics of leptonic CP violation needs the
µ-τ symmetry breaking in neutrino interactions.
Leptonic CP violation can be parameterized by one Dirac CP-violating phase (δCP ) and three Majorana phases
(φ1,2,3) [4] in the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix UPMNS = U
0
νK
0 [5] with
U0ν =

 c12c13 s12c13 s13e−iδCP−c23s12 − s23c12s13eiδCP c23c12 − s23s12s13eiδCP s23c13
s23s12 − c23c12s13eiδCP −s23c12 − c23s12s13eiδCP c23c13,

 ,
K0 = diag(eiφ1 , eiφ2 , eiφ3), (1)
where cij = cos θij and sij = sin θij (i, j=1,2,3), as adopted by the Particle Data Group [6]. The Majorana CP-
violating phases are determined by two combinations of φ1,2,3 such as φi − φ1 (i=1,2,3). Since there are arbitrary
phases of the flavor neutrinos, the phases of UPMNS vary with these phases. The most general form of UPMNS is
given by Uν and K [8] in place of U
0
ν and K
0:
Uν =

 1 0 00 eiγ 0
0 0 e−iγ



 c12c13 s12c13eiρ s13e−iδ−c23s12e−iρ − s23c12s13eiδ c23c12 − s23s12s13ei(δ+ρ) s23c13
s23s12e
−iρ − c23c12s13eiδ −s23c12 − c23s12s13ei(δ+ρ) c23c13

 ,
K = diag(eiφ
′
1 , eiφ2 , eiφ3), (2)
where δCP = δ+ρ and φ1 = φ
′
1−ρ, which will be used in this article.1 Another aspect of the role of leptonic CP phases
may lie in creation of the baryon asymmetry of the Universe [9] when the seesaw mechanism active at higher energies
∗Electronic address: 7atrd014@keyaki.cc.u-tokai.ac.jp
†Electronic address: yasue@keyaki.cc.u-tokai.ac.jp
1 The phases ρ and γ are redundant and can be removed by the redefinition of flavor neutrino masses. The resultant UPMNS involves
2[10] is responsible for generating neutrino masses [7, 11]. More precisely, the minimal seesaw mechanism based on
two heavy neutrinos (N) provides the direct linkage between the high energy phases in the seesaw mechanism and
the low energy phases defined by UPMNS [12]. Therefore, we can predict the size of the low energy phases that yields
the observed size of the baryon asymmetry of the Universe.
In the present article, we discuss µ-τ symmetry breaking effects in the minimal seesaw mechanism on flavor neutrino
masses to study low energy CP violation [13]. The correlation between the low energy CP violation and its effect in
leptogenesis will be discussed in a subsequent article. In Sec.II, our minimal seesaw model is described. In Sec.III, we
calculate flavor neutrino masses in models based on N subject to the µ-τ symmetry where the normal mass hierarchy
is realized and on N blind to the µ-τ symmetry where the inverted mass hierarchy is realized. How these mass
hierarchies arise is discussed in the Appendix A. We restrict ourselves to mass terms of N without CP-violating
phases. As a result, leptonic CP violation arises in general from the µ-τ symmetry breaking terms for the normal
mass hierarchy. To compare our predictions with those for the inverted mass hierarchy, the same phase structure is
assumed for the inverted mass hierarchy. To simplify our discussions, the µ-τ symmetric flavor neutrino mass texture
is taken to describe the tri-bimaximal mixing [14], which predicts the consistent value of sin θ12 with the observed
data. We choose three textures to describe the normal and inverted mass hierarchies. The calculation of the flavor
neutrino masses supplied by the seesaw mechanism is performed in the Appendix A. In Sec.IV, CP-violating phases
as well as neutrino masses and mixing angles are calculated and results are shown in figures. A set of formula used
in Sec.IV is summarized in the Appendix B. Final section is devoted to summary and discussions.
II. MODEL
Let us begin with defining superpotential for leptons (W ) in the minimal seesaw model with three flavors of L (ℓ) as
SU(2)L-doublets (singlets) and two flavors of N to be denoted by (Nµ, Nτ ) as SU(2)L-singlets as well as two Higgses
Hu,d:
W = eCTYℓLHd +N
CT
YνLHu +
1
2
NCTMRN
C (3)
where Yℓ and Yν are Yukawa couplings and MR is a Majorana mass matrix of N . We can always choose the base,
where Yℓ is diagonal, which defines the charged leptons e, µ and τ . The coupling Yν and the mass matrix MR are
parameterized as follows:
Yν =
(
hµe hµµ hµτ
hτe hτµ hττ
)
, MR =
(
MRµµ MRµτ
MRµτ MRττ
)
. (4)
Our µ-τ symmetry is defined by the invariance of W under the interchange νµ ↔ −σντ , where σ = ±1 will take care
of the sign of sin θ23.
2 This form of the interchange is based on the choice of sin θ23 = σ/
√
2 defined in UPMNS of
Eq.(1) in the µ-τ symmetric limit. It is readily seen that the corresponding mass matrix is M (+) of Eq.(A2), which
has (0, σ/
√
2, 1/
√
2)T as an eigenvector that in turn gives sin θ23 = σ/
√
2 from the third column of UPMNS as long
as this eigenvector is assigned to the third neutrino [16]. As a result, M (+) is invariant under νµ ↔ −σντ . It is
convenient to introduce
ν± =
νµ ± (−σντ )√
2
, NC± =
NCµ ±
(−σNCτ )√
2
, (5)
to discuss property of neutrinos with respect to the µ-τ symmetry.
In addition to the assignment of N to be N = (Nµ, Nτ ), there are other cases, which contain Ne in models such
as those based on (Ne, Nµ,τ ). For N subject to the µ-τ symmetry, N can be either (N+, N−) or (Ne, N−) while, for
δ + ρ and φ′
1
− ρ, respectively, as Dirac and Majorana CP-violating phases. Although Eq.(2) contains 6 CP phases, strictly speaking,
there are 7 CP phases in total [7]. In fact, there is an additional phase for the 2−3 rotation (τ) contributing to δCP as δCP = δ+ρ+ τ ,
which, however, can be removed by introducing a new definition: ρ′ = ρ+ τ/2, γ′ = γ + τ/2 and δ′ = δ + τ/2. As a reault, we end up
with the same definition of δCP : δCP = δ
′ + ρ′. See Ref.[8] for more details. Therefore, the parameterization with δ′, ρ′, and γ′ gives
Eq.(2) as a general form of UPMNS .
2 This interchange should be replaced by Lµ ↔ −σLτ and is consistently described if two extra Higgses H′u,d are introduced. Under the
interchange, we require that H′
u,d
→ −H′
u,d
while Hu,d → Hu,d, where 〈0|H
′
u,d
|0〉 yields µ-τ symmetry breaking terms. The interplay
of these Higgses supplies a µ-τ symmetric W and also accounts for the appearance of the badly broken µ-τ symmetry for the charged
leptons and of the approximate µ-τ symmetry for neutrinos [15]. For the purpose of the present article, it is sufficient to use Eq.(3).
3N blind to the µ-τ symmetry, N± can be any two heavy neutrinos of Ne, Nµ and Nτ . To treat these cases, we use
N = (N+, N−) instead of N = (Nµ, Nτ ). The coupling Yν and the mass matrix MR are parameterized as follows:
Yν =
(
h+e h+µ h+τ
h−e h−µ h−τ
)
, MR =
(
MR++ MR+−
MR+− MR−−
)
. (6)
Another case with N subject to the µ-τ symmetry can be discussed by replacing (N+, N−) with (Ne, N−). We classify
all cases by specifying couplings of the Yukawa interactions for neutrinos denoted by f ’s, where neutrinos are expressed
in terms of N± and νe,±. The corresponding lagrangian Lν is described by
− Lν =
(
feeNe + f+eN+ + f−eN−
)
νeHu1 +
(
fe+Ne + f++N+ + f−+N−
)
ν+Hu1
+
(
fe−Ne + f+−N+ + f−−N−
)
ν−Hu1. (7)
where Hu1 is defined in Hu = (Hu1, Hu2)
T . In each case, if N is subject to the µ-τ symmetry, N+ can be (Nµ +
(−σ)Nτ )/
√
2 or Ne and N− is just (Nµ − (−σ)Nτ )/
√
2. On the other hand, if N is blind to the µ-τ symmetry, N±
can be any combinations of Ne,µ,τ . The difference of these assignments is absorbed into the definition of f ’s, which
are given by different Yukawa couplings in the starting superpotential expressed in terms of Ne,µ,τ and νe,µ,τ .
3 It is
sufficient to use the notation of N± for the later discussions.
For a complex MR, phases of θRij defined by MRij = exp(iθRij)Mij (i.j = +.−) can be transferred into the
phase of MR+−, where Mij (i, j = +,−) are taken to be real for −π/2 ≤ θRij ≤ π/2. We here use (+, −) as
the suffix of M, which should be replaced by other combinations such as (e, −), appropriately. This phase becomes
θR+− − (θR++ + θR−−)/2(≡ Θ+−) and MR is given by
MR =
(
M++ e
iΘ+−M+−
eiΘ+−M+− M−−
)
. (8)
Without the loss of generality, we choose that M−− > M++. The unitary matrix U that diagonalizes MR to give
Mdiag = U
∗
MRU
† =
(
M1e
2iϕ1 0
0 M2e
2iϕ2
)
(9)
is
U =
(
cos θ −eiω sin θ
e−iω sin θ cos θ
)
, (10)
where
ω = arg
(
eiΘ+−M++ + e
−iΘ+−M−−
)
, (11)
M1e
2iϕ1 = cos2 θM++ + e
−2iω sin2 θM−− − 2 cos θ sin θei(Θ+−−ω)M+−.
M2e
2iϕ2 = cos2 θM−− + e
2iω sin2 θM++ + 2 cos θ sin θe
i(Θ+−+ω)M+−,
(12)
and
tan θ =
2M+−r
M−− −M++ +
√
(M−− −M++)2 + 4M2+−r2
, (13)
The parameter r is given by
r =
∣∣eiΘ+−M++ + e−iΘ+−M−−∣∣
M++ +M−−
. (14)
3 In a seesaw model with Ne,µ,τ , two light heavy neutrinos that effectively describes the minimal seesaw model discussed here are
dynamically determined by mass terms of Ne,µ,τ and can be any combination of Ne,µ,τ . However, if N in the minimal seesaw model is
subject to the µ-τ symmetry, N should include N− as a light heavy neutrino.
4The phase ω is further expressed as
tanω =
M++ −M−−
M++ +M−−
tanΘ+−. (15)
In the case of N− → −N− under the µ-τ symmetry transformation, we obtain that
M+− = 0, (16)
leading to θ = 0 in the µ-τ symmetric limit.
The coupling Yν for (N+, N−) and (νe, νµ, ντ ) can be parameterized to be:
Yν =
(
h+e h+µ h+τ
h−e h−µ h−τ
)
, (17)
and formally divided into two parts as Yν = Y
(+)
ν +Y
(−)
ν , which is just an identity, where the superscripts (+) and
(−) of Yν are, respectively, so chosen to stand for the µ− τ symmetry preserving and breaking terms. We obtain the
following Yν :
1. For N subject to the µ-τ symmetry,
Y
(+)
ν =
(
h
(+)
+e h
(+)
+µ −σh(+)+µ
0 h
(+)
−µ σh
(+)
−µ
)
, Y(−)ν =
(
0 h
(−)
+µ σh
(−)
+µ
h
(−)
−e h
(−)
−µ −σh(−)−µ
)
, (18)
where
h
(+)
+e = f+e, h
(+)
+µ =
f++√
2
, h
(+)
−µ =
f−−√
2
,
h
(−)
−e = f−e, h
(−)
+µ =
f+−√
2
, h
(−)
−µ =
f−+√
2
, (19)
from
−Lν =
(
f+eN+ + f−eN−
)
νeHu1 +
(
f++N+ + f−+N−
)
ν+Hu1 +
(
f+−N+ + f−−N−
)
ν−Hu1, (20)
for N = (N+, N−), and where
h
(+)
+e = fee, h
(+)
+µ =
fe+√
2
, h
(+)
−µ =
f−−√
2
,
h
(−)
−e = f−e, h
(−)
+µ =
fe−√
2
, h
(−)
−µ =
f−+√
2
, (21)
from
−Lν =
(
feeNe + f−eN−
)
νeHu1 +
(
fe+Ne + f−+N−
)
ν+Hu1 +
(
fe−Ne + f−−N−
)
ν−Hu1, (22)
forN = (Ne, N−). In the µ-τ symmetric limit, it is obvious to see that this case provides νeν+, ν+ν+ and ν−ν− as
flavor neutrino mass terms and the phase of U is absent because of Eq.(16). Since the quantity U∗Y
(+)
ν Y
(+)†
ν UT
related to the leptogenesis turns out to be real, the leptogenesis requires µ-τ symmetry breaking couplings [17].
In the Yukawa interactions, we see that phases of (f+e, f++, f−−) in Eq.(20) or (fee, fe+, f−−) in Eq.(22) are,
respectively, absorbed by adjusting phases of νe, ν+ and ν−. As a result, the phases arises solely from the µ-τ
symmetry breaking couplings.
2. For N blind to the µ-τ symmetry,
Y
(+)
ν =
(
h
(+)
+e h
(+)
+µ −σh(+)+µ
h
(+)
−e h
(+)
−µ −σh(+)−µ
)
, Y(−)ν =
(
0 h
(−)
+µ σh
(−)
+µ
0 h
(−)
−µ σh
(−)
−µ
)
, (23)
where
h
(+)
+e = f+e, h
(+)
−e = f−e, h
(+)
+µ =
f++√
2
, h
(+)
−µ =
f−+√
2
,
h
(−)
+µ =
f+−√
2
, h
(−)
−µ =
f−−√
2
, (24)
5from the Yukawa interactions given by Eq.(20) for (N+, N−) and
h
(+)
+e = fee, h
(+)
−e = f+e, h
(+)
+µ =
fe+√
2
, h
(+)
−µ =
f++√
2
,
h
(−)
+µ =
fe−√
2
, h
(−)
−µ =
f+−√
2
, (25)
from
−Lν =
(
feeNe + f+eN+
)
νeHu1 +
(
fe+Ne + f++N+
)
ν+Hu1 +
(
fe−Ne + f+−N+
)
ν−Hu1, (26)
for N = (Ne, N+). Similarly for the other cases. Since N can couple to ν+ but not to ν− in the µ-τ symmetric
limit, flavor neutrino mass terms consist of νeν+ and ν+ν+, which are phenomenologically favorable [18]. Fur-
thermore, U∗Y
(+)
ν Y
(+)†
ν UT becomes complex even in the µ-τ symmetric limit due to the presence of the µ-τ
symmetric Majorana phase ω and may be preferable to the leptogenesis. In the Yukawa interactions, phases of
the couplings of f ’s can be absorbed into those associated with νe,±. However, in general we cannot make the
µ-τ symmetry preserving couplings real. We have to adjust the νe,+-couplings to be real by hand so that the
µ-τ symmetry breaking associated with the ν−-couplings supplies CP-phases.
The major conclusion is that N subject to the µ-τ symmetry has real µ-τ symmetry preserving couplings. Therefore,
the leptonic CP-phases come from the µ-τ symmetry breaking couplings. For N blind to the µ-τ symmetry, the same
situation arises only if we assume that phases are associated with the ν−-couplings. In the µ-τ symmetric limit, the
flavor neutrino masses can be parameterized to be:
1
2
a0νeνe + b0
νeν+ + ν+νe√
2
+ d+ν+ν+ + d−ν−ν−, (27)
as in Eq.(A11) for N subject to the µ-τ symmetry, and
1
2
a0νeνe + b0
νeν+ + ν+νe√
2
+ d+ν+ν+, (28)
as in Eq.(A20) for N blind to the µ-τ symmetry, where a0. b0 and d± are mass parameters.
III. FLAVOR NEUTRINO MASS MATRIX
The seesaw mechanism generates the following Majorana neutrino mass matrix Mν for flavor neutrinos:
Mν = −v2YTν UTM−1diagUYν , (29)
where v = 〈0|Hu1|0〉. We estimate effects of the leptonic CP violation provided by Mij (i, j = e, µ, τ) defined in the
Appendix A. For the sake of simplicity, we assume that there is no phase in MR.
4
A. N subject to the µ-τ Symmetry
From Eq.(A8), we find that
Mee ≈ −v2h(+)2+e M−11 ,
M (+)eµ ≈ −v2h(+)+e h(+)+µM−11 ,
M (−)eµ ≈ −v2
[(
h
(−)
+µ − sh(+)−µ
)
h
(+)
+e M
−1
1 +
(
h
(−)
−e + sh
(+)
+e
)
h
(+)
−µM
−1
2
]
,
M (+)µµ ≈ −v2
(
h
(+)2
+µ M
−1
1 + h
(+)2
−µ M
−1
2
)
,
M (−)µµ ≈ −2v2
[(
h
(−)
+µ − sh(+)−µ
)
h
(+)
+µM
−1
1 +
(
h
(−)
−µ + sh
(+)
+µ
)
h
(+)
−µM
−1
2
]
,
Mµτ ≈ −v2 (−σ)
(
h
(+)2
+µ M
−1
1 − h(+)2−µ M−12
)
, (30)
4 We keep terms containing the phase in our calculations, whose results are shown in the Appendix and will be used in our future study.
6up to the first order in the µ-τ symmetry breaking terms h
(−)
−e , h
(−)
+µ , h
(−)
−µ and s ∝ M+−. The results accord with
our naive expectation that the µ-τ symmetric masses of Mee, M
(+)
eµ and M
(+)
µµ are controlled by the µ-τ symmetric
couplings. Since phases only arise from the µ-τ symmetry breaking couplings, we readily observe that this property
shows the followings:
1. the µ-τ symmetric parts: Mee, M
(+)
eµ , M
(+)
µµ and Mµτ are real, and
2. the µ-τ symmetry breaking parts: M
(−)
eµ and M
(−)
µµ are complex,
within our approximation. It should be noted that Mee, M
(+)
eµ , M
(+)
µµ and Mµτ would have imaginary parts if second
order terms of the µ-τ symmetry breaking are included. For example, in Mee, its phase arises from h
(−)
−e because
ω = 0. We then have a complex term proportional to h
(+)
+e h
(−)
−e , whose coefficient is cs which is the first order quantity
because s = 0 in the µ-τ symmetric limit. Since h
(−)
eµ being itself is the first order quantity, the whole contribution
from this term is the second order quantity, which can be safely neglected. In this way, we confirm that Mee can be
almost real. Similarly, we can confirm that M (+) itself is almost real. Therefore, main contributions to leptonic CP
violation are given by M
(−)
eµ and M
(−)
µµ . We will specify the phases of M
(−)
eµ and M
(−)
µµ by α and β, respectively.
As suggested by the above phase structure, the flavor neutrino mass matrix can be parameterized by Mν : Mν =
M
(+)
ν +M
(−)
ν with
M (+)ν =

 a0 b0 −σb0b0 d0 σe0
−σb0 σe0 d0

 , M (−)ν =

 0 b′0eiα σb′0eiαb′0eiα d′0eiβ 0
σb′0e
iα 0 −d′0eiβ

 , (31)
where a0, b0, d0, e0, b
′
0 and d
′
0 are all real and α and β are phases. We also use the notation: a = a0, b = b0 + b
′
0e
iα,
c = −σ (b0 − b′0eiα), d = d0 + d′0eiβ , e = σe0 and f = d0 − d′0eiβ . In approximately µ-τ symmetric models, b′0 ≈ 0
and d′0 ≈ 0 are realized and yield the smallness of sin2 θ13 and the large mixing given by sin 2θ23 ≈ 1 as a natural
consequence. However, to understand the observed smallness of ∆m2⊙/|∆m2atm|, where ∆m2⊙ = m22 −m21(> 0) and
∆m2atm = m
2
3 −m21, needs an additional small parameter, which we call η.
The µ-τ symmetric mass matrix M
(+)
ν gives
sin 2θ12 =
2
√
2b0√
(d0 − e0 − a0)2 + 8b20
, cos 2θ23 = sin θ13 = 0, (32)
m1 =
a0 + d0 − e0
2
−
√
2b0
sin 2θ12
, m2 =
a0 + d0 − e0
2
+
√
2b0
sin 2θ12
,
m3 = d0 + e0, (33)
as well as
∆m2⊙ =
2
√
2(a0 + d0 − e0)b0
sin 2θ12
. (34)
The spectrum contains one massless neutrino if the relation
a =
b (bf − ce)− c (be− cd)
df − e2 , (35)
for df 6= e2, is satisfied. For df = e2, we find that be = cd, leading to m3 = 0 for M (+)ν . Similarly,
e =
bc± σ
√
(b2 − ad) (c2 − af)
a
, (36)
is another useful relation. For M
(+)
ν , it is readily understood that
1. for the normal mass hierarchy, m1 = 0 is obtained form Eq.(35) if a0 + d0 − e0 ≥ 0,
2. for the inverted mass hierarchy, m3 = 0 is obtained form Eq.(36) giving d0 + e0 = 0.
7The minimal seesaw mechanism in this case only allows the normal mass hierarchy [17] to account for the ob-
served results as discussed in the Appendix A. One of the authors (M.Y.) has shown variety of textures, which are
approximately µ-τ symmetric [18], from which we choose the following neutrino mass matrix:
M (+)ν = m0

 pη η −σηη 1 σ (1− sη)
−ση σ (1− sη) 1

 (p = 2
s
), (37)
giving
tan 2θ12 =
2
√
2
s− p , (38)
where η is to be estimated in Sec.IV to give η(∼
√
∆m2⊙/|∆m2atm|)=O(10−1) and s (and p) are parameters of O(1).
The condition of det(Mν) = 0 is satisfied by
a =
b (bf − ce)− c (be− cd)
df − e2 (=
2η
s
m0 for M
(+)
ν ). (39)
The minimal seesaw model yields
m0 = −v2
(
h
(+)2
+µ M
−1
1 + h
(+)2
−µ M
−1
2
)
,
η =
h
(+)
+e h
(+)
+µM
−1
1
h
(+)2
+µ M
−1
1 + h
(+)2
−µ M
−1
2
,
s = 2
h
(+)
+µ
h
(+)
+e
, (40)
where p = 2/s is automatically satisfied as expected. Since s = O(1) and η = O(10−1) , we have to adjust the
parameters such that ∣∣∣h(+)+µ ∣∣∣ ∼ ∣∣∣h(+)+e ∣∣∣≪ ∣∣∣h(+)−µ ∣∣∣√|M1/M2|, (41)
equivalently, ∣∣∣f (+)+e ∣∣∣ ∼ ∣∣∣f (+)++ ∣∣∣≪ ∣∣∣f (+)−− ∣∣∣√|M1/M2|, (42)
which gives ν−ν− as a dominant mass term.
B. N blind to the µ-τ Symmetry
From Eq.(A18), we find that
Mee = −v2
[(
ch
(+)
+e − sh(+)−e
)2
M−11 +
(
sh
(+)
+e + ch
(+)
−e
)2
M−12
]
,
M (+)eµ = −v2
[(
ch
(+)
+e − sh(+)−e
)(
ch
(+)
+µ − sh(+)−µ
)
M−11 +
(
sh
(+)
+e + ch
(+)
−e
)(
sh
(+)
+µ + ch
(+)
−µ
)
M−12
]
,
M (−)eµ = −v2
[(
ch
(+)
+e − sh(+)−e
)(
ch
(−)
+µ − sh(−)−µ
)
M−11 +
(
sh
(+)
+e + ch
(+)
−e
)(
sh
(−)
+µ + ch
(−)
−µ
)
M−12
]
,
M (+)µµ ≈ −v2
[(
ch
(+)
+µ − sh(+)−µ
)2
M−11 +
(
ch
(+)
−µ + sh
(+)
+µ
)2
M−12
]
,
M (−)µµ = −2v2
[(
ch
(+)
+µ − sh(+)−µ
)(
ch
(−)
+µ − sh(−)−µ
)
M−11 +
(
ch
(+)
−µ + sh
(+)
+µ
)(
ch
(−)
−µ + sh
(−)
+µ
)
M−12
]
,
Mµτ ≈ −v2 (−σ)
[(
ch
(+)
+µ − sh(+)−µ
)2
M−11 +
(
ch
(+)
−µ + sh
(+)
+µ
)2
M−12
]
, (43)
up to the first order in the µ-τ symmetry breaking terms h
(−)
+µ , and h
(−)
−µ .
The minimal seesaw mechanism forbids the normal mass hierarchy to account for the observed results as discussed
in the Appendix A. There are two types of neutrino mass textures [18].
81. As the inverted mass hierarchy I (with m1 ∼ m2),
M (+)ν = m0

 2− pη η −σηη 1 −σ
−ση −σ 1

 , (44)
(45)
leading to
tan 2θ12 =
2
√
2
p
. (46)
The condition of det(Mν) = 0 is satisfied by
e =
bc− σ
√
(b2 − ad) (c2 − af)
a
(= −σd0 for M (+)ν ). (47)
These parameters are related to those in the seesaw mechanism given by
m0 = −v2
[(
ch
(+)
+µ − sh(+)−µ
)2
M−11 +
(
ch
(+)
−µ + sh
(+)
+µ
)2
M−12
]
,
η =
(
ch
(+)
+e − sh(+)−e
)(
ch
(+)
+µ − sh(+)−µ
)
M−11 +
(
sh
(+)
+e + ch
(+)
−e
)(
sh
(+)
+µ + ch
(+)
−µ
)
M−12(
ch
(+)
+µ − sh(+)−µ
)2
M−11 +
(
ch
(+)
−µ + sh
(+)
+µ
)2
M−12
,
p =
[
2
(
ch
(+)
+µ − sh(+)−µ
)2
−
(
ch
(+)
+e − sh(+)−e
)2]
M−11 +
[
2
(
ch
(+)
−µ + sh
(+)
+µ
)2
−
(
sh
(+)
+e + ch
(+)
−e
)2]
M−12(
ch
(+)
+e − sh(+)−e
)(
ch
(+)
+µ − sh(+)−µ
)
M−11 +
(
sh
(+)
+e + ch
(+)
−e
)(
sh
(+)
+µ + ch
(+)
−µ
)
M−12
,(48)
2. As the inverted mass hierarchy II (with m1 ∼ −m2),
M (+)ν = m0

 − (2− η) q −σqq 1 −σ
−σq −σ 1

 , (49)
leading to
tan 2θ12 =
2
√
2q
4− η . (50)
The condition of det(Mν) = 0 is satisfied by
e =
bc+ σ
√
(b2 − ad) (c2 − af)
a
(= −σd0 for M (+)ν ). (51)
These parameters are related to those in the seesaw mechanism given by
m0 = −v2
[(
ch
(+)
+µ − sh(+)−µ
)2
M−11 +
(
ch
(+)
−µ + sh
(+)
+µ
)2
M−12
]
,
η =
[
2
(
ch
(+)
+µ − sh(+)−µ
)2
+
(
ch
(+)
+e − sh(+)−e
)2]
M−11 +
[
2
(
ch
(+)
−µ + sh
(+)
+µ
)2
+
(
sh
(+)
+e + ch
(+)
−e
)2]
M−12(
ch
(+)
+µ − sh(+)−µ
)2
M−11 +
(
ch
(+)
−µ + sh
(+)
+µ
)2
M−12
,
q =
(
ch
(+)
+e − sh(+)−e
)(
ch
(+)
+µ − sh(+)−µ
)
M−11 +
(
sh
(+)
+e + ch
(+)
−e
)(
sh
(+)
+µ + ch
(+)
−µ
)
M−12(
ch
(+)
+µ − sh(+)−µ
)2
M−11 +
(
ch
(+)
−µ + sh
(+)
+µ
)2
M−12
, (52)
The parameter η is to be estimated in Sec.IV to give η(∼ ∆m2⊙/|∆m2atm|)=O(10−2) and p and q are parameters of
O(1). We have to adjust sizes of the parameters of the seesaw to account for the neutrino mass spectrum.
9IV. CP PHASES
In this section, we discuss how leptonic CP phases are generated byMν of Eq.(31). For N blind to the µ-τ symmetry,
the phase structure of Eq.(31) is not a general consequence. So, we choose a specific parameter set so that phases
only arise from M
(−)
eµ and M
(−)
µµ . In other words, phases should be associated with the couplings of ν−. Furthermore,
there have been arguments that the renormalization effects are significant for the inverted mass hierarchy [19], which
is the case of N blind to the µ-τ symmetry. However, the smallness of sin2 θ13 is not disturbed because it is a result
of the approximate µ-τ symmetry but the CP-violating phases may receive significant distortion. This subject will
be discussed elsewhere. For a moment, we show the case of the inverted mass hierarchy to make a comparison with
the case of the normal mass hierarchy.
Our seesaw model has four phases from three Yukawa couplings and one Majorana phase of heavy neutrinos corre-
sponding to one Dirac phase and three Majorana phase where one overall Majorana phase is redundant. Therefore,
three CP-violating phases are present. This number is consistent with the general result of the seesaw model with
N -flavor and M -heavy neutrinos, giving N(M − 1). Since the µ-τ symmetry breaking is so small that terms up to
its first order contributions as in Eq.(30) can well describe neutrino phenomenology, two phases α and β become
active and other phases associated with second-order contributions are safely neglected. The CP-phases including
δCP = δ + ρ are in general complicated functions of α and β. These two phases are the sources of the Dirac and
Majorana phases in UPMNS . However, we will see that when mass hierarchies are taken into account, ρ is found to
be small and the dependence of α and β can be derived to give δCP ∼ α for the normal mass hierarchy and δCP ∼ −α
the inverted mass hierarchy (with m1 ∼ m2). These features can be viewed in the figures of δCP to be presented.
A. Estimations
The Dirac CP-violating phase is given by δ + ρ evaluated from Eq.(B3) in the Appendix B, from which we obtain
that
c13X ≈
√
2
(
b0 (a0 + d0 − e0) + b′0d′0ei(β−α) + (∆ + iγ)
(
a0b
′
0e
iα + b′0e
−iα (d0 + e0) + b0d
′
0e
iβ
))
, (53)
Y ≈
√
2σ
(
−(∆− iγ)
(
b0 (a0 + d0 − e0) + b′0d′0ei(β−α)
)
+ a0b
′
0e
iα + b′0e
−iα (d0 + e0) + b0d
′
0e
iβ
)
, (54)
where the approximation is due to |γ| ≪ 1, cos θ23 = (1+∆)/
√
2 and sin θ23 = σ(1−∆)/
√
2 for |∆| ≪ 1. The phases
δ and ρ are calculated from
δ = − arg(Y ), ρ = arg(X). (55)
From Eq.(53), it is expected that ρ ≈ 0 if b0 (a0 + d0 − e0) is not suppressed. This expectation is valid in the two
textures of the inverted mass hierarchy; however, ρ may not be suppressed in the normal mass hierarchy because
a0 + d0 − e0 ≈ 0 by Eq.(37). The parameters γ and ∆ are estimate to be:
γ ≈ 4 (b0b
′
0 sinα− e0d′0 sinβ)− σ sin θ13 sin 2θ12 sin (ρ+ δ)∆m2⊙
2∆m2atm
, (56)
∆ ≈ −4 (b0b
′
0 cosα+ d0d
′
0 cosβ) + σ sin θ13 sin 2θ12 cos (ρ+ δ)∆m
2
⊙
2∆m2atm
. (57)
The CP-violating phase δ + ρ can be numerically obtained from Eqs.(53) and (54) by using iteration, where ∆ ± iγ
is given by γ ≈ 2 (b0b′0 sinα− e0d′0 sinβ)/∆m2atm and ∆ ≈ −2 (b0b′0 cosα+ d0d′0 cosβ)/∆m2atm as a first trial.
The CP-violating Majorana phase is estimated from Eq.(B11) for m1,2,3. We have assured, as expected, that
m1 = 0 for the normal mass hierarchy and m3 = 0 for the inverted mass hierarchy within our numerical accuracy.
From Eq.(B11), we find that
m2e
−2iφ2 ≈ 2
√
2
sin 2θ12
[
(1 + iγ∆) b0 + (∆+ iγ) b
′
0e
iα
]
eiρ,
m3e
−2iφ3 ≈ λ3 + s213
(
λ3 − e2iδa
)
, (58)
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where λ3 ≈ d0 + e0 − 2i
(
2∆γd0 − (γ + i∆) eiβd′0
)
, for the normal mass hierarchy with m1 = 0, and
m1e
−2iφ1 ≈ ae
2iρ + d0 − e0 + 2
(
2i∆γd0 + (∆ + iγ) e
iβd′0
)
2
−
√
2
sin 2θ12
[
(1 + iγ∆) b0 + (∆ + iγ) b
′
0e
iα
]
eiρ,
m2e
−2iφ2 ≈ ae
2iρ + d0 − e0 + 2
(
2i∆γd0 + (∆ + iγ) e
iβd′0
)
2
+
√
2
sin 2θ12
[
(1 + iγ∆) b0 + (∆ + iγ) b
′
0e
iα
]
eiρ, (59)
for the inverted mass hierarchy with m3 = 0. It should be noted that the size of φ1,2 is generically small since the
nonvanishing m1,2 for the inverted mass hierarchy start with the unsuppressed µ-τ symmetric terms.
To perform our numerical calculations, we use exact formula without approximation: Eq.(B3) for θ12,13, δ and ρ,
Eq.(B8) for θ23 Eq.(B10) for γ and Eq.(B11) for φ1,2,3. The tri-bimaximal neutrino mixing [14] is assumed for M
(+)
ν
and is realized by
1. s = 2 in Eq.(37) for the normal mass hierarchy,
2. p = 1 in Eq.(44) for the inverted mass hierarchy I (with m1 ∼ m2),
3. q = 4− η in Eq.(49) for the inverted mass hierarchy II (with m1 ∼ −m2).
We estimate the CP-violating phases δ + ρ and φ1 − φ2 (or φ2 − φ3) as well as the mixing angles as functions of α
and β for given values of |∆m2atm| = 2.59 ∼ 2.61 (×10−3 eV2) and ∆m2⊙ = 7.87 ∼ 7.93 (×10−5 eV2), which are taken
to sit on values around their center values in the recent data:
|∆m2atm| = (2.6± 0.2)× 10−3 eV2, ∆m2⊙ = (7.9± 0.3)× 10−5 eV2, (60)
as the allowed 1σ ranges [1]. Our iteration starts with the calculation ofm0 by using D+ in Eq.(B6) for given values of
∆m2atm and ∆m
2
⊙ and these given values are compared with their computed values from our formula for a consistency
check.
B. Predictions
Before performing numerical calculations, we show our predictions from three textures:
1. for the normal mass hierarchy (p = 2/s with s = 2),
∆m2⊙
|∆m2atm|
≈ (s+ p) η
2
√
2 sin 2θ12
, (61)
suggesting that η=O(10−1), and
c13X ≈
√
2
(
m20(s+ p) η
2 + b′0d
′
0e
i(β−α) + 2m0 (∆ + iγ) b
′
0e
−iα
)
, Y ≈
√
2σm0b
′
0e
−iα, (62)
leading to
ρ = arbitrary, δ ≈ α, (63)
where we will numerically find that the term proportional to η2 gives dominated contribution in c13X , which
result in ρ ≈ 0, and
sin θ13e
−iδ ≈ Y
∆m2atm
,
γ ≈ 2 (ηb′0 sinα− d′0 sinβ)
m0
∆m2atm
− 1
2
σs13 sin (ρ+ δ) sin 2θ12
∆m2⊙
∆m2atm
,
cos 2θ23 (≈ 2∆) ≈ −
(
4 (ηb′0 cosα+ d
′
0 cosβ)
m0
∆m2atm
+ σs13 cos (ρ+ δ) sin 2θ12
∆m2⊙
∆m2atm
)
, (64)
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as well as
m2e
−2iφ2 ≈ 2
√
2ηm0e
iρ
sin 2θ12
, m3e
−2iφ3 ≈ (2− sη)m0 − 2
(
2i∆γm0 + (∆− iγ) eiβd′0
)
, (65)
leading to |∆m2atm| ≈ 4m20 and
φ ≈ −ρ
4
, (66)
for ρ ≈ 0,
2. for the inverted mass hierarchy I (with m1 ∼ m2 with p = 1),
∆m2⊙
|∆m2atm|
≈ 2
√
2η
sin 2θ12
, (67)
suggesting that η=O(10−2), and
c13X ≈ 4
√
2m20η, Y ≈ 2
√
2σm0b
′
0e
iα, (68)
leading to
ρ ≈ 0, δ ≈ −α, (69)
and
sin θ13e
−iδ ≈ Y
∆m2atm
,
γ ≈ 2 (ηb′0 sinα+ d′0 sinβ)
m0
∆m2atm
− 1
2
σs13 sin (ρ+ δ) sin 2θ12
∆m2⊙
∆m2atm
,
cos 2θ23 (≈ 2∆) ≈ −
(
4 (ηb′0 cosα+ d
′
0 cosβ)
m0
∆m2atm
+ σs13 cos (ρ+ δ) sin 2θ12
∆m2⊙
∆m2atm
)
, (70)
as well as
m1e
−2iφ1 ≈
(
1 + e2iρ − pηe
2iρ
2
−
√
2ηeiρ
sin 2θ12
)
m0,
m2e
−2iφ2 ≈
(
1 + e2iρ − pηe
2iρ
2
+
√
2ηeiρ
sin 2θ12
)
m0, (71)
leading to |∆m2atm| ≈ m20 and
φ = 0, (72)
up to O(ρ2) and
3. for the inverted mass hierarchy II (with m1 ∼ −m2 with q = 4− η),
∆m2⊙
|∆m2atm|
≈
√
2η sin 2θ12
q
, (73)
suggesting that η=O(10−2), and
c13X ≈ 2
√
2m20ηq, Y ≈ −
√
2σm0
(
2b′0e
iα − qd′0eiβ
)
, (74)
leading to
ρ ≈ 0, δ ≈ arbitrary, (75)
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and
sin θ13e
−iδ ≈ Y
∆m2atm
,
γ ≈ 2 (qb′0 sinα+ d′0 sinβ)
m0
∆m2atm
− 1
2
σs13 sin (ρ+ δ) sin 2θ12
∆m2⊙
∆m2atm
,
cos 2θ23 (≈ 2∆) ≈ −4 (qb′0 cosα+ d′0 cosβ)
m0
∆m2atm
+ σs13 cos (ρ+ δ) sin 2θ12
∆m2⊙
∆m2atm
, (76)
as well as
m1e
−2iφ1 ≈
(
2
(
1− e2iρ)+ ηe2iρ
2
−
√
2qeiρ
sin 2θ12
)
m0,
m2e
−2iφ2 ≈
(
2
(
1− e2iρ)+ ηe2iρ
2
+
√
2qeiρ
sin 2θ12
)
m0, (77)
leading to |∆m2atm| ≈ m20 and
φ ≈ − sin 2θ12√
2q
ρ, (78)
which becomes −ρ/6 for sin 2θ12 ≈ 2
√
2/3 and q ≈ 4.
It is expected that sin θ13 has no distinct dependence of α and β because sin θ13 is determined by the radial part of
Y whose phase from α and β controls δ.
The predictions are depicted in FIG.1-FIG.14 for the normal and inverted mass hierarchies. The effect of the sign
of σ is irrelevant because it always accompanies sin θ13. The gross features of the figures for the Dirac CP-violating
phase δCP accord with our results Eqs.(63), (69) and (75). Namely,
1. for the normal mass hierarchy, the crude proportionality of δCP to α shown in FIG.1 is accounted by Eq.(63)
with ρ ∼ 0 and the effect of ρ gives scattered plots around the line δCP ∝ α;
2. for the inverted mass hierarchy I (with m1 ∼ m2), the clear proportionality of δCP to α is shown in FIG.5 as
suggested by Eq.(69);
3. for the inverted mass hierarchy II (with m1 ∼ −m2), the proportionality of δCP to β can be seen as sharp edges
in FIG.9 and is suggested by Eq.(69) for the region of b′0 ∼ 0;
4. In FIG.13, the Dirac CP-violating phase is found to be proportional to δ. This behavior indicates that ρ ∼ 0.
This is because X in Eq.(B3) starts with the µ-τ symmetric contribution, which can be taken to be real, and,
then, the phase ρ starts with the µ-τ breaking contribution, which generically suppressed, giving ρ ∼ 0.
The CP-violating Majorana phases φ are predicted
1. in FIG.2, FIG.6 and FIG.10, where the CP-violating Majorana phase almost vanishes for the inverted mass
hierarchy I as predicted in Eq.(71);
2. in FIG.14, where the CP-violating Majorana phase is found to be proportional to ρ. This feature can be roughly
understood because of ρ ∼ 0 in Eq.(B11) and the contribution of δ in the difference of Majorana phases almost
vanish. Namely, we can estimate that φ ∝ ρ. More precisely, our predictions Eqs.(66), (72) and (78) on φ are
consistent with the behavior of these figures.
The mixing angle θ13 satisfies the constraints:
1. sin θ13 <∼ 0.05 for the normal mass hierarchy;
2. sin θ13 <∼ 0.09 for the inverted mass hierarchy I (with m1 ∼ m2);
3. sin θ13 <∼ 0.05 and sin θ13 ∼ 0.05 around α ∼ β ∼ π for the inverted mass hierarchies II (with m1 ∼ −m2),
as can be seen from FIG.3, FIG.7 and FIG.11 and tan2 θ23 > 1
1. if 0 ≤ β ≤ π/2 for the normal mass hierarchy;
2. if π/2 ≤ β ≤ π for the inverted mass hierarchy I (with m1 ∼ m2);
3. π/2 ≤ α ≤ π for the inverted mass hierarchies II (with m1 ∼ −m2),
as in FIG.4, FIG.8 and FIG.12.
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V. SUMMARY
We have estimated CP-violating phases as well as mixing angles in the approximately µ − τ symmetric minimal
seesaw model. When heavy neutrino mass terms are real, we have shown that CP-violating phases are determined
by µ − τ symmetry breaking phases in the neutrino Yukawa couplings as long as heavy neutrinos are transformed
under the discrete µ− τ symmetry group. As a result, phases in the flavor neutrino masses are expressed in terms of
two phases α and β as given by Eq.(31). On the other hand, such a property is not a general one if heavy neutrinos
are not transformed. We have assumed the same phases α and β to compare our predictions. Furthermore, we have
found that the normal mass hierarchy is permitted if heavy neutrinos are subject to the µ − τ symmetry giving a
constraint of M
(+)2
eµ ≈ MeeMµµ, which is used to exclude the inverted mass hierarchy and that the inverted mass
hierarchy is permitted if the heavy neutrinos are blind to the µ− τ symmetry giving a constraint of Mµτ ≈ −σM (+)µµ ,
which is used to exclude the normal mass hierarchy. The restriction on the mass hierarchy is a general consequence
of approximately µ− τ symmetric minimal seesaw models as long as no phases are present in heavy neutrinos.
We have also presented three textures, which give the consistent results with the current neutrino oscillation data:
one describes the normal mass hierarchy as determined by Eq.(37) and the other two describe the inverted mass
hierarchy as determined by Eq.(44) and Eq.(49). Each textures have a small parameter η to explain the smallness
of the ratio of mass squared differences ∆m⊙/∆matm(≡ R), which is O(
√
R) (O(R)) for the normal (inverted) mass
hierarchy. The Dirac CP-violating phase is predicted from our formula Eq.(55) to yield δCP = ρ + δ. Because of
ρ ∼ 0, we have found that the phase δCP is determined by α as δCP ≈ α as in Eq.(63) for the normal mass hierarchy
and δCP ≈ −α for the inverted mass hierarchy I (with m1 ∼ m2) as in Eq.(69) while δCP shows no dependence of
α but a certain dependence of β for the inverted mass hierarchy II (with m1 ∼ −m2) as in Eq.(75). The numerical
calculation is performed to make definite predictions, whose results are shown in FIG.1-FIG.14. We have observed
that
1. The Dirac CP-phase δCP turns out to have a crude proportionality to α in the normal mass hierarchy as FIG.1,
a clear proportionality to α in the inverted mass hierarchy I (with m1 ∼ m2) as FIG.5 and an proportionality
to β (for b′0 ∼ 0) for inverted mass hierarchy II (with m1 ∼ −m2) as FIG.9.
2. The Majorana CP-violating phase φ is found to be suppressed since its main contributions arise from µ-τ
symmetry breaking terms and is estimated to be: φ ≈ −ρ/4 for the normal mass hierarchy, φ ≈ 0 for the
inverted mass hierarchy I (with m1 ∼ m2) and φ ≈ −ρ/6 for the inverted mass hierarchy II (with m1 ∼ −m2)
as in FIG.14,
3. Our phases δ and ρ, respectively, yield main contributions to δCP and φ with ρ ∼ 0 as in FIG.13 and 14 , whose
behaviors accord with our theoretical expectation.
From these observations, we expect that the size of the CP-violating Majorana phase can be enhanced if we include
the phase of the heavy neutrinos Θ+− as in Eq.(8). For the inverted mass hierarchy, we may relax our assumption
that the µ-τ symmetric terms are set to be real.
Last but not least, we have to comment on the effective neutrino massmββ [20] used in the detection of the absolute
neutrino mass [21]. In our textures, mββ corresponds to the flavor mass of e
2iρMee as in Eq.(B16). As stated in the
Appendix, it is not Mee defined in Eq.(A1) that can be compared with experimental parameters, which are based on
Eq.(1). In our case, since Eq.(2) is an appropriate matrix, which should be transformed into Eq.(1). In the course of
this transformation,Mee in Eq.(A1) is changed to e
2iρMee, which is parameterized to be e
2iρa for a real a. Therefore,
in principle the phase ρ has a chance to be measured. It is known that |mββ | is suppressed for the normal mass
hierarchy, where the suppression factor η appears in our texture, and is estimated to be a(∼ ηm0) ∼
√
∆m2⊙ with
|∆m2atm| ≈ 4m20 while, for the inverted mass hierarchy, |mββ| ≈ 2m0 with |∆m2atm| ≈ m20 are obtained.
The predicted behaviors of CP phases are those at the seesaw scale. Radiative corrections to CP-phases should be
evaluated to yield their observed values at the low-energy scale. Since these corrections are expected to be significant
for the inverted mass hierarchy, we will estimate these corrections in the future publication. Furthermore since we
know CP phases of the Yukawa couplings of neutrinos that can be inferred from the predicted Dirac and Majorana
CP-violating phases, we can discuss how the leptogenesis is realized without referring to a specific from of flavor
neutrino mass matrix but only with referring to more general framework of the µ− τ symmetry breaking.
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APPENDIX A: FLAVOR NEUTRINO MASSES FROM SEESAW MECHANISM
In this Appendix, we evaluate flavor neutrino masses Mij (i, j = e, µ, τ) that form a mass matrix Mν:
Mν =

 Mee Meµ MeτMeµ Mµµ Mµτ
Meτ Mµτ Mττ

 =M (+) +M (−). (A1)
with
M (+) =

 Mee M
(+)
eµ −σM (+)eµ
M
(+)
eµ M
(+)
µµ Mµτ
−σM (+)eµ Mµτ M (+)µµ

 , M (−) =

 0 M
(−)
eµ σM
(−)
eµ
M
(−)
eµ M
(−)
µµ 0
σM
(−)
eµ 0 −M (−)µµ

 , (A2)
where M
(±)
eµ = (Meµ ∓ σMeτ )/2 and M (±)µµ = (Mµµ ±Mττ)/2. This decomposition is just an identity. However, it is
so arranged that M (+) is invariant under the interchange νµ ↔ −σντ .
After the Higgses develop vacuum expectation values, the seesaw mechanism gives
Mee = −v2
[(
ch+e − se−iωh−e
)2
M˜−11 +
(
seiωh+e + ch−e
)2
M˜−12
]
,
Meµ = −v2
[(
ch+e − se−iωh−e
) (
ch+µ − se−iωh−µ
)
M˜−11 +
(
seiωh+e + ch−e
) (
seiωh+µ + ch−µ
)
M˜−12
]
,
Meτ = −v2
[(
ch+e − se−iωh−e
) (
ch+τ − se−iωh−τ
)
M˜−11 +
(
seiωh+e + ch−e
) (
seiωh+τ + ch−τ
)
M˜−12
]
,
Mµµ = −v2
[(
ch+µ − se−iωh−µ
)2
M˜−11 +
(
seiωh+µ + ch−µ
)2
M˜−12
]
,
Mττ = −v2
[(
ch+τ − se−iωh−τ
)2
M˜−11 +
(
seiωh+τ + ch−τ
)2
M˜−12
]
,
Mµτ = −v2
[(
ch+µ − se−iωh−µ
) (
ch+τ − se−iωh−τ
)
M˜−11 +
(
seiωh+µ + ch−µ
) (
seiωh+τ + ch−τ
)
M˜−12
]
, (A3)
where M˜−1± = M
−1
± e
±iϕ, c = cos θ, s = sin θ, and v = 〈0|Hu1|0〉 for Hu = (Hu1, Hu2)T . It is not difficult to
demonstrate that Eq.(A3) satisfies det(Mν) = 0, which indicates the known property that the minimal seesaw model
has one massless neutrino. The Yukawa couplings of h±i (i = e, µ, τ) literally represent the couplings toN±. Therefore,
the couplings of h±i should be expressed by the original Yukawa couplings defined in Eq.(3). For example, in the case
of N = (Nµ, Nτ ), we obtain that
h+e =
hµe + (−σ)hτe√
2
, h+µ =
hµµ + (−σ)hτµ√
2
, h+τ =
hµτ + (−σ)hττ√
2
,
h−e =
hµe − (−σ)hτe√
2
, h−µ =
hµµ − (−σ)hτµ√
2
, h−τ =
hµτ − (−σ)hττ√
2
, (A4)
where the original Yukawa couplings are hij (i = µ, τ , j = e, µ, τ).
1. N subject to the µ-τ Symmetry
In terms of Eq.(18), Eq.(A3) is expressed as,
Mee = −v2
[(
ch
(+)
+e − se−iωh(−)−e
)2
M˜−11 +
(
seiωh
(+)
+e + ch
(−)
−e
)2
M˜−12
]
,
M (+)eµ = −v2
[(
ch
(+)
+e − se−iωh(−)−e
)(
ch
(+)
+µ − se−iωh(−)−µ
)
M˜−11 +
(
seiωh
(+)
+e + ch
(−)
−e
)(
seiωh
(+)
+µ + ch
(−)
−µ
)
M˜−12
]
,
M (−)eµ = −v2
[(
ch
(+)
+e − se−iωh(−)−e
)(
ch
(−)
+µ − se−iωh(+)−µ
)
M˜−11 +
(
seiωh
(+)
+e + ch
(−)
−e
)(
seiωh
(−)
+µ + ch
(+)
−µ
)
M˜−12
]
,
M (+)µµ = −v2


((
ch
(+)
+µ − se−iωh(−)−µ
)2
+
(
ch
(−)
+µ − se−iωh(+)−µ
)2)
M˜−11
+
((
ch
(−)
−µ + se
iωh
(+)
+µ
)2
+
(
ch
(+)
−µ + se
iωh
(−)
+µ
)2)
M˜−12

 ,
M (−)µµ = −2v2
[(
ch
(+)
+µ − se−iωh(−)−µ
)(
ch
(−)
+µ − se−iωh(+)−µ
)
M˜−11 +
(
ch
(−)
−µ + se
iωh
(+)
+µ
)(
ch
(+)
−µ + se
iωh
(−)
+µ
)
M˜−12
]
,
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Mµτ = −v2 (−σ)


((
ch
(+)
+µ − se−iωh(−)−µ
)2
−
(
ch
(−)
+µ − se−iωh(+)−µ
)2)
M˜−11
+
((
seiωh
(+)
+µ + ch
(−)
−µ
)2
−
(
ch
(+)
−µ + se
iωh
(−)
+µ
)2)
M˜−12

 , (A5)
where c = cos θ and s = sin θ. The suffices ± represent for (N+, N−) that have N± → ±N± under the µ-τ symmetry
transformation.
a. µ-τ Symmetry Breaking Case
The approximate µ-τ symmetry calls for
h
(−)
−e ≈ 0, h(−)+µ ≈ 0, h(−)−µ ≈ 0, (A6)
as well as M+− ≈ 0, which yields
cos θ ≈ 1, sin θ ≈ MR+−r
MR−− −MR++ , (A7)
where r is defined in Eq.(14). Using these approximations, we obtain Eq.(A5) up to the first order in the parameters
of Eqs.(A6) and (A7):
Mee ≈ −v2h(+)2+e M˜−11 ,
M (+)eµ ≈ −v2h(+)+e h(+)+µ M˜−11 ,
M (−)eµ ≈ −v2
[(
h
(−)
+µ − se−iωh(+)−µ
)
h
(+)
+e M˜
−1
1 +
(
h
(−)
−e + se
iωh
(+)
+e
)
h
(+)
−µ M˜
−1
2
]
,
M (+)µµ ≈ −v2
(
h
(+)2
+µ M˜
−1
1 + h
(+)2
−µ M˜
−1
2
)
,
M (−)µµ ≈ −2v2
[(
h
(−)
+µ − se−iωh(+)−µ
)
h
(+)
+µ M˜
−1
1 +
(
h
(−)
−µ + se
iωh
(+)
+µ
)
h
(+)
−µ M˜
−1
2
]
,
Mµτ ≈ −v2 (−σ)
(
h
(+)2
+µ M˜
−1
1 − h(+)2−µ M˜−12
)
, (A8)
where s ≈ 0.
b. µ-τ Symmetric Case
The µ-τ symmetric textures containing one massless neutrino should describe either the normal mass hierarchy or
the inverted mass hierarchy. Imposing the conditions:
cos θ = 1, sin θ = 0, (A9)
we obtain from Eq.(A5) that
Mee (= a0) = −v2h(+)2+e M˜−11 ,
Meµ (= b0) = −v2h(+)+e h(+)+µ M˜−11 ,
Meτ (= c0) = −σMeµ,
Mµµ (= d0 ≡ d+ + d−) = −v2
(
h
(+)2
+µ M˜
−1
1 + h
(+)2
−µ M˜
−1
2
)
,
Mµτ (= e0 ≡ −σ (d+ − d−)) = −v2 (−σ)
(
h
(+)2
+µ M˜
−1
1 − h(+)2−µ M˜−12
)
,
Mττ (= f0) =Mµµ, (A10)
This texture turns out to give mass terms
1
2
a0νeνe + b0
νeν+ + ν+νe√
2
+ d+ν+ν+ + d−ν−ν−. (A11)
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This form of Eq.(A11) is also valid for the model with (Ne, N−). We then obtain
Mν =

 a0 b0 −σb0b0 d+ + d− −σ (d+ − d−)
−σb0 −σ (d+ − d−) d+ + d−

 , (A12)
where
a0 = −v2h(+)2+e M˜−11 , b0 = −v2h(+)+e h(+)+µ M˜−11 ,
d+ = −v2h(+)2+µ M˜−11 , d− = −v2h(+)2−µ M˜−12 . (A13)
from which we observe that
b20 = a0d+ (A14)
is satisfied.
To see how the mass hierarchies are realized, it is sufficient to check the ideal case, where m1 = m2 = 0 with m3 6= 0
for the normal mass hierarchy and m1 = ±m2 with m3 = 0 for the inverted mass hierarchy. The gross structure of
Mν for the inverted mass hierarchy is described by ideal textures:
M (1)ν = m0

 2 0 00 1 −σ
0 −σ 1

 , M (2)ν = m0

 −2 b0 −σb0b0 1 −σ
−σb0 −σ 1

 (b0 6= 0), (A15)
respectively, corresponding to m1 = m2 and m1 = −m2, which can be seen from Eq.(33). Since d+ = m0 and d− = 0
should be satisfied, we find that Eq.(A14) gives 0 = 2m20 for M
(1)
ν and b20 = −2m20 for M (2)ν . Therefore, the M (1)ν case
is obviously ruled out and the M
(2)
ν case is allowed if b0 is nearly pure imaginary. Since no phases is present in the N
mass terms, b0 is (almost) real and the M
(2)
ν case is also excluded.
2. N blind to the µ-τ Symmetry
In terms of Eq.(23), Eq.(A3) is expressed as
Mee = −v2
[(
ch
(+)
+e − se−iωh(+)−e
)2
M˜−11 +
(
seiωh
(+)
+e + ch
(+)
−e
)2
M˜−12
]
,
M (+)eµ = −v2
[(
ch
(+)
+e − se−iωh(+)−e
)(
ch
(+)
+µ − se−iωh(+)−µ
)
M˜−11 +
(
seiωh
(+)
+e + ch
(+)
−e
)(
seiωh
(+)
+µ + ch
(+)
−µ
)
M˜−12
]
,
M (−)eµ = −v2
[(
ch
(+)
+e − se−iωh(+)−e
)(
ch
(−)
+µ − se−iωh(−)−µ
)
M˜−11 +
(
seiωh
(+)
+e + ch
(+)
−e
)(
seiωh
(−)
+µ + ch
(−)
−µ
)
M˜−12
]
,
M (+)µµ = −v2


((
ch
(+)
+µ − se−iωh(+)−µ
)2
+
(
ch
(−)
+µ − se−iωh(−)−µ
)2)
M˜−11
+
((
ch
(+)
−µ + se
iωh
(+)
+µ
)2
+
(
ch
(−)
−µ + se
iωh
(−)
+µ
)2)
M˜−12

 ,
M (−)µµ = −2v2
[(
ch
(+)
+µ − se−iωh(+)−µ
)(
ch
(−)
+µ − se−iωh(−)−µ
)
M˜−11 +
(
ch
(+)
−µ + se
iωh
(+)
+µ
)(
ch
(−)
−µ + se
iωh
(−)
+µ
)
M˜−12
]
,
Mµτ = −v2 (−σ)


((
ch
(+)
+µ − se−iωh(+)−µ
)2
−
(
ch
(−)
+µ − se−iωh(−)−µ
)2)
M˜−11
+
((
ch
(+)
−µ + se
iωh
(+)
+µ
)2
−
(
ch
(−)
−µ + se
iωh
(−)
+µ
)2)
M˜−12

 . (A16)
The suffices ± represent for (N+, N−) that have N± → N± under the µ-τ symmetry transformation. The heavy
neutrinos (N+, N−) can be (Nµ, Nτ ), (Ne, Nµ) or any other combinations.
a. µ-τ Symmetry Breaking Case
The approximate µ-τ symmetry calls for
h
(−)
+µ ≈ 0, h(−)−µ ≈ 0, (A17)
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Using the approximation, we obtain from Eq.(A16)
Mee = −v2
[(
ch
(+)
+e − se−iωh(+)−e
)2
M˜−11 +
(
seiωh
(+)
+e + ch
(+)
−e
)2
M˜−12
]
,
M (+)eµ = −v2
[(
ch
(+)
+e − se−iωh(+)−e
)(
ch
(+)
+µ − se−iωh(+)−µ
)
M˜−11 +
(
seiωh
(+)
+e + ch
(+)
−e
)(
seiωh
(+)
+µ + ch
(+)
−µ
)
M˜−12
]
,
M (−)eµ = −v2
[(
ch
(+)
+e − se−iωh(+)−e
)(
ch
(−)
+µ − se−iωh(−)−µ
)
M˜−11 +
(
seiωh
(+)
+e + ch
(+)
−e
)(
seiωh
(−)
+µ + ch
(−)
−µ
)
M˜−12
]
,
M (+)µµ ≈ −v2
[(
ch
(+)
+µ − se−iωh(+)−µ
)2
M˜−11 +
(
ch
(+)
−µ + se
iωh
(+)
+µ
)2
M˜−12
]
,
M (−)µµ = −2v2
[(
ch
(+)
+µ − se−iωh(+)−µ
)(
ch
(−)
+µ − se−iωh(−)−µ
)
M˜−11 +
(
ch
(+)
−µ + se
iωh
(+)
+µ
)(
ch
(−)
−µ + se
iωh
(−)
+µ
)
M˜−12
]
,
Mµτ ≈ −v2 (−σ)
[(
ch
(+)
+µ − se−iωh(+)−µ
)2
M˜−11 +
(
ch
(+)
−µ + se
iωh
(+)
+µ
)2
M˜−12
]
, (A18)
up to the first order in the parameters of Eq.(A17).
b. µ-τ Symmetric Case
We obtain from Eq.(A16) that
Mee (= a0) = −v2
[(
ch
(+)
+e − se−iωh(+)−e
)2
M˜−11 +
(
seiωh
(+)
+e + ch
(+)
−e
)2
M˜−12
]
,
Meµ (= b0) = −v2


(
ch
(+)
+e − se−iωh(+)−e
)(
ch
(+)
+µ − se−iωh(+)−µ
)
M˜−11
+
(
seiωh
(+)
+e + ch
(+)
−e
)(
seiωh
(+)
+µ + ch
(+)
−µ
)
M˜−12

 ,
Meτ (= c0) = −σMeµ,
Mµµ (= d0 ≡ d+ + d−) = −v2
[(
ch
(+)
+µ − se−iωh(+)−µ
)2
M˜−11 +
(
ch
(+)
−µ + se
iωh
(+)
+µ
)2
M˜−12
]
,
Mµτ (= e0 ≡ −σ (d+ − d−)) = −σMµµ,
Mττ (= f0) =Mµµ, (A19)
leading d− = 0. This texture gives the following mass terms:
1
2
a0νeνe + b0
νeν+ + ν+νe√
2
+ d+ν+ν+. (A20)
Since m3 = 0 is realized because of the relation e0 = −σd0 as in Eq.(33), Eq.(A19) is only consistent with the inverted
mass hierarchy. Contrary to the previous case, the normal mass hierarchy is not realized in the minimal seesaw
mechanism based on N blind to the µ-τ symmetry.
APPENDIX B: FORMULA FOR MASSES, MIXINGS AND PHASES.
By adopting UPMNS of Eq.(2) to diagonalizeM(≡M †νMν), where U †PMNSMUPMNS=diag.(m21,m22,m23) is satisfied,
we can derive a set of formula to express neutrino masses and mixing angles as well as phases in terms of the flavor
neutrino masses [8]. The Hermitean matrix M is parameterized by M = M(+) +M(−) with
M
(+) =

 A B+ −σB+B∗+ D+ E+
−σB∗+ E+ D+

 , M(−) =

 0 B− σB−B∗− D− iE−
σB∗− −iE− −D−

 , (B1)
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where
A = |Mee|2 + 2
(∣∣∣M (+)eµ ∣∣∣2 + ∣∣∣M (−)eµ ∣∣∣2
)
,
B+ =M
∗
eeM
(+)
eµ +M
(+)∗
eµ
(
M (+)µµ − σMµτ
)
+M (−)∗eµ M
(−)
µµ ,
B− =M
∗
eeM
(−)
eµ +M
(−)∗
eµ
(
M (+)µµ + σMµτ
)
+M (+)∗eµ M
(−)
µµ ,
D+ =
∣∣∣M (+)eµ ∣∣∣2 + ∣∣∣M (−)eµ ∣∣∣2 + ∣∣∣M (+)µµ ∣∣∣2 + ∣∣∣M (−)µµ ∣∣∣2 + |Mµτ |2 ,
D− = 2Re
(
M (−)∗eµ M
(+)
eµ +M
(−)∗
µµ M
(+)
µµ
)
,
E+ = Re(E) = σ
(∣∣∣M (−)eµ ∣∣∣2 − ∣∣∣M (+)eµ ∣∣∣2
)
+ 2Re
(
M (+)∗µµ Mµτ
)
,
E− = Im(E) = 2Im
(
M (−)∗µµ Mµτ − σM (−)∗eµ M (+)eµ
)
, (B2)
for E = E+ + iE−. Similarly, we define B=B++B−, C=−σ(B+ −B−), D=D++D−, and F=D+−D− to describe
matrix elements of M. We, then, obtain that
tan 2θ12e
iρ =
2X
Λ2 − Λ1 , tan 2θ13e
−iδ =
2Y
Λ3 −A,
Re
(
e−2iγE
)
cos 2θ23 +D− sin 2θ23 + iIm
(
e−2iγE
)
= −s13e−iδX∗, (B3)
for three mixing angles and three phases, and
m21 = c
2
12Λ1 + s
2
12Λ2 − 2c12s12 |X | , m22 = s212Λ1 + c212Λ2 + 2c12s12 |X | , m23 =
c213Λ3 − s213A
c213 − s213
, (B4)
for three masses, where
X =
c23e
iγB − s23e−iγC
c13
=
eiρ
∣∣c23eiγB − s23e−iγC∣∣
c13
,
Y = s23e
iγB + c23e
−iγC = e−iδ
∣∣s23eiγB + c23e−iγC∣∣ ,
Λ1 =
c213A− s213Λ3
c213 − s213
, Λ2 = c
2
23D + s
2
23F − 2s23c23Re
(
e−2iγE
)
,
Λ3 = s
2
23D + c
2
23F + 2s23c23Re
(
e−2iγE
)
. (B5)
In the µ-τ symmetric case, where B− = D− = E− = 0, we obtain that ρ = arg(B), γ = 0, and cos 2θ23 = sin θ13 = 0.
The Dirac CP violation involves the angle ρ+ δ.
There are useful relations:
|X | = ∆m
2
⊙ sin 2θ12
2
, A ≈ Σm
2
⊙ − cos 2θ12∆m2⊙ + s213
(
2∆m2atm − (1− cos 2θ12)∆m2⊙
)
2
,
D+ ≈ 1
2
(
∆m2atm +Σm
2
⊙ −
(1− cos 2θ12)∆m2⊙ + s213
(
2∆m2atm − (1− cos 2θ12)∆m2⊙
)
2
)
,
σRe
(
e−2iγE
)− 2D−∆ ≈ 1
2
(
∆m2atm −
(1 + cos 2θ12)∆m
2
⊙ + s
2
13
(
2∆m2atm − (1− cos 2θ12)∆m2⊙
)
2
)
,
Λ1 ≈
Σm2⊙ − cos 2θ12∆m2⊙
2
, Λ2 =
cos 2θ12∆m
2
⊙ +Σm
2
⊙
2
,
Λ3 ≈
2∆m2atm +Σm
2
⊙ −∆m2⊙ − s213
(
2∆m2atm − (1− cos 2θ12)∆m2⊙
)
2
, (B6)
up to O(sin2 θ13), where
∑
m2⊙ = m
2
1 +m
2
2. The real part of Eq.(B3)
Re
(
e−2iγE
)
cos 2θ23 +D− sin 2θ23 = −s13 cos (ρ+ δ) |X | (≡ −z) , (B7)
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determines cos 2θ23, which is given by
cos 2θ23 = −
κσD−
√
Re2 (e−2iγE) +D2− − z2 + zRe
(
e−2iγE
)
Re2 (e−2iγE) +D2−
= cos
(
σ
π
2
+ θ + φ
)
,
cos θ =
√
Re2 (e−2iγE) +D2− − z2
Re2 (e−2iγE) +D2−
, sin θ =
σz√
Re2 (e−2iγE) +D2−
,
cosφ =
Re
(
e−2iγE
)
√
Re2 (e−2iγE) +D2−
, sinφ =
κD−√
Re2 (e−2iγE) +D2−
, (B8)
where κ is the sign of Re(e−2iγE), from which we obtain that θ23 = σπ/4 + (θ + φ)/2. On the other hand, the
imaginary part of Eq.(B3)
cos 2γIm (E)− sin 2γRe (E) = s13 sin (ρ+ δ) |X | (≡ z′) , (B9)
determines γ, which is given by
sin 2γ =
κ′Im (E)
√
|E|2 − z′2 − z′Re (E)
|E|2 = sin (φ
′ − θ′),
cos θ′ =
√
|E|2 − z′2
|E| , sin θ
′ =
z′
|E| ,
cosφ′ =
Re (E)
|E| , sinφ
′ =
κ′|Im (E)|
|E| , (B10)
where κ′ is the sign of Re(E), from which we obtain that γ = (φ′ − θ′)/2.
The Majorana phases are calculated by the following formula derived by UTPMNSMνUPMNS = diag.(m1,m2,m3):
m1e
−2i(φ′1−ρ)
(
= m1e
−2iφ1
)
=
λ1 + λ2
2
− x
sin 2θ12
, m2e
−2iφ2 =
λ1 + λ2
2
+
x
sin 2θ12
,
m3e
−2iφ3 =
c213λ3 − s213e−2iδa
c213 − s213
, (B11)
where
λ1 = e
2iρ c
2
13a− s213e2iδλ3
c213 − s213
, λ2 = c
2
23e
2iγd+ s223e
−2iγf − 2s23c23e,
λ3 = s
2
23e
2iγd+ c223e
−2iγf + 2s23c23e, x =
eiρ
(
c23e
iγb− s23e−iγc
)
c13
. (B12)
The CP violating Majorana phase denoted by φ is represented by (φ2 − φ3)/2 for m1 = 0, leading to K =
diag.(1, eiφ, e−iφ), and by (φ1 − φ2)/2 for m3 = 0, leading to K = diag.(eiφ, e−iφ, 1). To see the phase of Mee,
which affects the detection of the absolute neutrino mass mββ in double beta decay experiments, we have to refer to
UPMNS of Eq.(1) denoted by U
PDG
PMNS , which is associated with M
PDG
ν defined by
UPDG TPMNS M
PDG
ν U
PDG
PMNS = U
T
PMNSMνUPMNS , (B13)
where MPDGν is used in theoretical calculations compared with results of neutrino experiments. From Eq.(B13), by
adjusting phases of the flavor neutrinos
ν′L =

 e−iρ 0 00 e−iγ 0
0 0 eiγ

 νL, (B14)
for νL = (νe, νµ.µτ )
T used in Eq.(3), we find that
MPDGν =

 e2iρMee ei(ρ+γ)Meµ ei(ρ−γ)Meτei(ρ+γ)Meµ e2iγMµµ Mµτ
ei(ρ−γ)Meτ Mµτ e
−2iγMττ

 ,
KPDG = diag(eiφ1 , eiφ2 , eiφ3), δCP = δ + ρ, φ1 = φ
′
1 − ρ, (B15)
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where KPDG is obtained from K = diag(eiφ
′
1 , eiφ2 , eiφ3), as defined in Eq.(2). Therefore, it should be noted that mββ
is equal to
e2iρMee, (B16)
but not to Mee.
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Normal mass hierarchy 
FIG. 1: The predictions of the Dirac CP phase δ + ρ as function of α and β for the normal mass hierarchy.
 
 
Normal mass hierarchy 
FIG. 2: The prediction of the Majorana phase as a function of the CP phase.
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Normal mass hierarchy 
FIG. 3: The same as in FIG.1 but for sin θ13.
 
 
Normal mass hierarchy 
FIG. 4: The same as in FIG.1 but for tan2 θ23.
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Inverted mass hierarchy I 
FIG. 5: The predictions of the Dirac CP phase δ + ρ as function of α and β for the inverted mass hierarchy I.
 
 
Inverted mass hierarchy I 
FIG. 6: The prediction of the Majorana phase as a function of the CP phase.
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Inverted mass hierarchy I 
FIG. 7: The same as in FIG.5 but for sin θ13.
 
 
Inverted mass hierarchy I 
FIG. 8: The same as in FIG.5 but for tan2 θ23.
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Inverted mass hierarchy II 
FIG. 9: The predictions of the Dirac CP phase δ + ρ as function of α and β for the inverted mass hierarchy II.
 
 
Inverted mass hierarchy II 
FIG. 10: The prediction of the Majorana phase as a function of the CP phase.
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Inverted mass hierarchy II 
FIG. 11: The same as in FIG.9 but for sin θ13.
 
 
Inverted mass hierarchy II 
FIG. 12: The same as in FIG.9 but for tan2 θ23.
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Inverted mass hierarchy I Inverted mass hierarchy II Normal mass hierarchy 
FIG. 13: The δ-dependence of Dirac CP phase.
 
 
Inverted mass hierarchy I Inverted mass hierarchy II Normal mass hierarchy 
FIG. 14: The ρ-dependence of Majorana phase.
